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Abstract: 

This paper presents a comprehensive study of recurrent curvature tensor fields in the framework 

of special Kawaguchi spaces, with a focus on the role of Craig vectors in defining and characterizing 

geometric invariants. By establishing conditions under which the Ricci tensor becomes covariantly 

constant, we introduce a novel theorem that connects recurrence, directional independence, and vanishing 

auxiliary curvature components. The research identifies a new class of Ricci-stable structures that 

contribute to the deeper understanding of geometric evolution in higher-order variational settings. The 

results hold potential applications in the fields of theoretical physics, particularly in Lagrangian dynamics 

and anisotropic field theories. The geometric methods developed in this work extend the foundational 

ideas proposed by A. Kawaguchi and contribute new insights into the structure of Finslerian-type 

manifolds. 

1. Introduction: 

1.1 Overview and Motivation: 

Higher-order variational spaces, such as Kawaguchi spaces, have emerged as powerful 

frameworks for generalizing the geometry of classical manifolds and analyzing physical systems beyond 

Riemannian structure. Introduced by A. Kawaguchi, these spaces encapsulate curvature, torsion, and 

directional dependencies that extend the geometric modeling capacity of traditional differential geometry. 

A central object of interest within this framework is the recurrent curvature tensor, a geometric structure 

whose covariant derivative behaves linearly with respect to a recurrence vector field. 

The study of recurrence and curvature symmetries has implications not only in pure mathematics 

but also in generalized Lagrangian mechanics, field theory, and anisotropic cosmology. This paper 

introduces a rigorous treatment of recurrent curvature tensor fields using the Craig vector formalism, 

which allows a refined decomposition of the curvature structure in special Kawaguchi spaces[2]. 

1.2 Historical Background: 

The theory of Kawaguchi spaces dates back to A. Kawaguchi’s[3] foundational work in the 1930s, 

where he developed a generalized approach to variational calculus based on higher-order differential 

forms. This framework inspired later advancements in Finsler geometry and spray structures. The concept 

of recurrence in differential geometry, originally studied in the context of Riemannian and Finsler spaces, 

was further developed to explore the invariant properties of curvature tensors. 
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Recent studies have revived interest in recurrent geometries due to their applications in modern 

theoretical physics, including string theory, geometric flow equations, and anisotropic spacetime models. 

However, a systematic treatment of recurrence in special Kawaguchi spaces, particularly using Craig 

vectors, has remained largely unexplored. 

1.3 Research Objectives: 

This paper aims to fill that gap by addressing the following objectives: 

 •To rigorously define and analyze recurrent curvature tensor fields in special Kawaguchi spaces 

using the Craig vector formalism. 

 •To construct and prove a new theorem establishing conditions under which the Ricci tensor 

becomes covariantly constant. 

 •To explore the implications of the recurrence vector’s independence from position coordinates 

and the vanishing of the auxiliary tensor Bjk
i . 

2. Craig Vector in Special Kawaguchi Spaces: 

In the framework of special Kawaguchi spaces, Prof. A. Kawaguchi introduced a specific 

connection by employing a vector known as the Craig vector, which arises from a function of the form: F 

= Aix
∕∕i + B. 

The Craig vector is defined by the expression: 

(2.1)  Ci = (Ak(i) - 2Ai(k)) x
∕∕k - 2Aikx∕k + B(i), 

where 

(2.2)  Ak(i) = 
∂Ak

∂x∕∕i, 

(2.3)  Aik = 
∂Ai

∂xk , 

and 

(2.4)  B(i) = 
∂B

∂x∕i . 

This formulation of the Craig vector plays a significant role in defining and analyzing the 

connection structure in special Kawaguchi spaces, particularly in studies involving recurrent curvature 

tensor fields and their geometric properties. 

2.1 Covariant Derivative of a Homogeneous Contravariant Vector Field: 

Let vi be a contravariant vector field that is homogeneous of degree zero with respect to the 

directional argument x∕i. The covariant derivative of vi in the context of a special Kawaguchi space is 

given by the relation: 

(2.5)  jv
i = ∂jv

i - ∂k
∕

viΓ(j)
k  + Γ(k)(j)

i vk, 

where: 

(2.6)  ∂k
∕

vi = k
∕

vi, 

(2.7)  ∂i = 
∂

∂xi , 

and 

(2.8)  ∂i
∕
 = 

∂

∂x∕i . 

From the properties of covariant vector fields in this geometric context, we derive the identity: 

(2.9)  jvi = ∂jvi - ∂k
∕

viΓ(j)
k  - Γ(i)(j)

k vk, 

where 
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(2.10)  ∂j
∕
vi = j

∕
vi. 

2.2 Curvature Tensor Fields and Associated Identities: 

In a special Kawaguchi space, the curvature tensor fields are defined through the structure of the 

connection and exhibit specific properties intrinsic to the space’s geometric nature. The curvature tensors 

are introduced as: 

(2.11)  (jk - kj)v
i = - Rjkl

i vl + Kjk
l l

∕
vi, 

and 

(2.12)  (jk
∕
 - kj

∕
)vi = - Bjkl

i vl, 

where 

(2.13)  Bjkl
i  = Γ(j)(k)(l)

i , 

(2.14)  Rjkl
i  =  ∂kΓ(l)(j)

i  - ∂jΓ(l)(k)
i  + Γ(l)(j)

h Γ(k)(h)
i  - Γ(l)(k)

h Γ(j)(h)
i , 

and 

(2.15)  Kjk
i  =  ∂kΓ(j)

i  - ∂jΓ(k)
i  + Γ(j)

h Γ(k)(h)
i  - Γ(k)

h Γ(j)(h)
i . 

These curvature tensor fields satisfy Bianchi-type identities, a fundamental requirement in 

differential geometry. One such identity is: 

(2.16)  Rjkl
i  + Rklj

i  + Rljk
i  = 0. 

Moreover, the tensors fulfill the following contracted forms: 

(2.17)  Rjkl
i  =  - Rkjl

i , 

(2.18)  Kjk
i  = Rjkl

i x∕l, 

and other differential relations including: 

(2.19)  Rjkl
i  = Kjk(l)

i  = l
∕
Kjk

i  . 

Additionally, the behavior of curvature tensors under directional differentiation leads to: 

(2.20)  Bjkl
i x∕l = 0. 

2.3 Bianchi Identities and Recurrent Curvature Tensor Fields 

In the context of a special Kawaguchi space, the curvature tensor fields satisfy generalized 

Bianchi-type identities, ensuring the consistency of the geometric structure. These identities are given by: 

(2.21)  [hRjk]l
i  + K[hj

r Bk]lr
i  = 0, 

and 

(2.22)  [hKjk]
i  = 0. 

These cyclic identities serve as fundamental compatibility conditions within the framework of 

Kawaguchi geometry. 

Definition 2.1: Recurrent Curvature Tensor Field: 

A curvature tensor field Rjkl
i  is said to be recurrent in a special Kawaguchi space if its covariant 

derivative satisfies the following condition: 

(2.23)  hRjkl
i  = vhRjkl

i , 

where vh is a non-zero covariant vector field, referred to as the recurrence vector field. 

Equation (2.23) may also be rewritten for clarity in the form: 

(2.24)  hRjal
a  = vhRjal

a , 

which explicitly characterizes the recurrence property of the curvature tensor. 

By virtue of equations (2.18) and (2.23), we obtain the relation: 
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(2.25)  hKjk
i  = vhKjk

i . 

This expresses a constraint between the recurrence vector field and the components of the 

curvature tensor in a special Kawaguchi space with a recurrent curvature structure. 

Furthermore, in such a space, if the curvature-type quantity vanishes then it follows that 

(2.26)  i
∕
vj = 0, 

which implies that the recurrence vector field is covariantly constant. Consequently, if the vector field is 

also independent of the directional variable. 

This leads us to the following theorems: 

Theorem 2.1: 

In a special Kawaguchi space possessing a recurrent curvature tensor field, the tensor field Kjk
i  is 

skew-symmetric with respect to its covariant indices. 

Proof: 

Using the curvature identities given in equations (2.17) and (2.18), we have: 

(2.27)  Kjk
i  = - Rkjh

i x∕h, 

Now, from equations (2.18) and (2.27), we derive: 

(2.28)  Kjk
i  = - Kkj

i , 

which confirms that the tensor field Kjk
i  is skew-symmetric in the covariant indices j and k. Hence, the 

theorem is proved. 

Theorem 2.2: 

In a special Kawaguchi space endowed with a recurrent curvature tensor field, if the associated 

recurrence vector field is independent of the directional argument, and if the auxiliary tensor vanishes 

identically, then the covariant derivative of Ricci tensor vanishes. 

Proof: 

Consider the recurrence condition satisfied by the curvature tensor field Rjkh
i  given by: hRjkl

i  = 

vhRjkl
i , 

where vh is the recurrence vector field. 

Now, assume that Bjk
i  = 0, and the recurrence vector vh is independent of x∕i. From the definition 

of the Ricci tensor: Rjk = Rjki
i , 

We compute its covariant derivative: hRjk = hRjki
i  = vhRjki

i  = vhRjk. 

Since vh is independent of x∕i, and the contraction involves a degree-zero homogeneous vector 

field, then the recurrence of Rjk implies that: 

(2.29)  hRjk = 0. 

Hence, the Ricci tensor is covariantly constant under the stated assumptions. This completes the 

proof. 

Conclusion: 

In this study, we have developed a novel geometric characterization of recurrent curvature tensor 

fields in special Kawaguchi spaces. Using the Craig vector formalism, we constructed and proved a new 

theorem that reveals conditions under which the Ricci tensor becomes covariantly constant. This result 

provides a deeper understanding of recurrence and curvature symmetries in variational geometries. The 

work enhances the theoretical foundation of Kawaguchi spaces and opens new directions for future 
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research, especially in the context of geometric mechanics and higher-order field theories. The interplay 

between recurrence, directional independence, and skew-symmetry offers valuable insights into invariant 

structures within differential geometry. 
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